
Homotopy invariance(general version)

Ça�h� 1 If f ' g : X → Y , then the following diagram
f]

π1(X, x0) → π1(Y, f(x0))
g] ↘ ↓ φρ commutes,

π1(Y, g(x0))
where ρ(t) := F (x0, t) and F is a homotopy between f and g.

¤� ÃZ� φρ ◦ f] = g] e���̀¦ �Ðs���.
7£¤, ρ−1 ∗ (f ◦ α) ∗ ρ ∼ g ◦ α \�¦ ÅÒ��H homotopy \�¦ ¹1ÔÜ¼��� �)a��.

¢,aAá¤ ÕªaË>\�"f "é¶���H boundary condition �̀¦ ëß�7á¤���H homotopy G ëß� ¹1ÔÜ¼
��� ÷&Ù¼�Ð ���$� ÕªaË> 1_� boundary\�¦ ÕªaË> 2_� boundary\� ú́�>� shrinkr�v�
��H boundary��s�_� map�̀¦ I × I�Ð extendr�v���� �)a��. 7£¤ "é¶���H homotopy
_� �>rF�$í
�Ér {9�ìøÍ&h�Ü¼�Ð map φ : ∂D2 → ∂D2 \�¦ φ : D2 → D2�Ð extendr�~�́
Ãº e������H ��z�́�ÐÂÒ'� 7£x"î
�)a��. (\V\�¦ [þt#Q radial extensions� e����.) ����
"f
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α× id F
I × I → X × I → Y \� @/K� F ◦ (α× id) ◦ φ �� "é¶���H homotopy\�¦
ï�r��.

Ça�h� 2 X,Y are path connected. X'Y ⇒ π1(X) ∼= π1(Y ).
More precisely, if f : X → Y is a homotopy equivalence, then
f] : π1(X, x0) → π1(Y, f(x0)) is an isomorphism.

¤� ÃZ� Let g be a homotopy inverse of f : X → Y , i.e., g ◦ f ' idX and f ◦ g '
idY .

idX ' g ◦ f ��s�_� homotopy 1lxîß�_� x0_� path\�¦ ρ �� ¿º��.
Õª�Q��� ·ú¡_� &ñ
o�\� _�K� ��6£§ diagram,

(g ◦ f)]

π1(X, x0) → π1(X, (g ◦ f)(x0))
id] ↘ ↑ φρ

π1(X, x0)

s� commute�Ù¼�Ð φρ ◦ id] = (g ◦ f)] : π1(X, x0) → π1(X, (g ◦ f)(x0)). ��
��"f φρ = g] ◦ f] s��¦ φρ��H isomorphism 7£¤ onto s�Ù¼�Ð g] : π1(Y, f(x0)) →
π1(X, (g ◦ f)(x0)) %i�r� onto s���. (#�l�"f f] : π1(X, x0) → π1(Y, f(x0)).)
s����\���H g ◦ f @/���\� f ◦ g \� @/�#� ��ðøÍ��t��Ð ���� φσ = f] ◦ g] %i�r�

isomorphism 7£¤ 1-1 s�Ù¼�Ð g] : π1(Y, f(x0) → π1(X, (g ◦ f)(x0))�Ér 1-1s� �)a
��. (#�l�"f_� f]�Ér f] : π1(X, g ◦ f(x0)) → π1(Y, f(g ◦ f(x0)))s� ÷&#Q 0A ë�Héß�
_� f]õ���H ��ØÔ��.) ����"f g] �Ér isomorphisms� �)a��. ����"f 0A ë�Héß�\�"f_�
f] : π1(X, x0) → π1(Y, f(x0)) �Ér isomorphism s� �)a��.
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